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S-PARAMETER DATA EQUATION, REVISITED
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How can we solve a nonlinear problems with >105 unknows and >106 data points within 
seconds?  
How can we solve a nonlinear problems with >105 unknows and >106 data points within 
seconds?  



1) linearize the problem with Born’s approximation 

replace                          with incident-field distribution                 which is 
independent of the unknown              

2) solve the linearized problem in Fourier space (aka k-space, wavenumber space)

 possible if background is assumed uniform → scattering model cast in the form 
of convolution or cross-correlation in real (r,r') space
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THE DIRECT (LINEAR) INVERSE-PROBLEM SOLUTION
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Core Concept: Data Point-spread Function (PSF)
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MATHEMATICAL AND PHYSICAL MEANING OF DATA PSF

• PSF is the system spatial impulse response

 response due to point scatterer (3D δ-function)

• object viewed as collection of independent point scatterers
 response viewed as superposition of scattering from points
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HOW DO WE OBTAIN THE PSF?

1) analytical expressions work well for qualitative imaging based on Fresnel-zone and 
far-field measurements (e.g., SAR)
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 example: frequency-domain measurements (VNA, SFCW radar)

 example: quadrature down-conversion LFM radar at baseband
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HOW DO WE OBTAIN THE PSF? cont.

scattering probe

4) measured PSFs with SP at origin 
enables extreme near-field imaging and 
quantitative imaging

2) simulated antenna incident-field distributions [Amineh et al., Int. J. Biomed. Imaging 2012, IEEE Trans. IM 2015]
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[Amineh et al., IEEE Trans. Instrum. Meas., 2015]

reciprocity
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MEASURED PSF WITH KNOWN SCATTERING PROBE (SP)

scattering probe

scattering probe (SP) parameters

• volume Ωsp

• relative permittivity εr,sp

• SP contrast vs. ideal δ(rꞌ) scatterer (matters in quantitative imaging)
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EXAMPLE: SIMULATED-FIELD vs. MEASURED-PSF MODEL

5mm
250MHz

x y
f

∆ = ∆ =
∆ =

X-band (WR90) open-end 
waveguides c( 6.56GHz)f ≈

Dfar (mm)λ (mm)f (GHz)

12.51003 < fc

34378.2

831520

SP

metallic targets

[photo credit: Justin McCombe]

[Amineh et al., IEEE Trans. Instrum. Meas., 2015]

}near zone

}near zone
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METALLIC-TARGET IMAGES WITH PSF FROM SIMULATED INCIDENT FIELDS
[Amineh et al., Trans. Instrum. Meas., 2015]microwave-holography (MH) images
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METALLIC-TARGET MH IMAGES WITH PSF FROM MEASUREMENTS
[Amineh et al., Trans. Instrum. Meas., 2015]microwave-holography (MH) images
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EXAMPLE: MEASUREMENT PROVIDING PSF IN BREAST-PHANTOM IMAGING 

[photo credit: Daniel Tajik]

calibration object with small scattering probe at center

r,sp 18 i0.05,  radius 5 mm, height 10 mmε ≈ −

scattering probe

sc ( , )Hζ ωr

measured PSF

bottom half of 
stack of breast-
phantom slabs  

sc
12 ( , , 5.5GHz)H x y f =

[Tajik et al., IEEE J-ERM, 2020]
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COMPARISON OF ANALYTICAL, SIMULATED & MEASURED PSFs

Other Sources of Model 
Inaccuracies

Account for Antennas’
Type of PSF

mutual couplingpatternnear-field

background clutternononoAnalytical PSF

background clutter
numerical modeling errorsdependsyesyes

Simulated 
Incident Fields

background clutter
numerical modeling errors

dependsyesyesSimulated PSF 
with SP

insufficient SNR if SP is too faryesyesyes
Measured PSF 
with SP

• measured PSFs provide the best model accuracy and allow for quantitative image 
reconstruction

• BUT there are limitations

 SP must be small (< λmin/4) 
 small SP leads to poor SNR with far-zone measurements
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Image Reconstruction with

Quantitative Microwave Holography (QMH)

(direct solution of the data equation in Fourier space)
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QMH WITH PLANAR SCANNING

• in real space (planar scanning)

• in Fourier-range (or kz) space
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QMH SYSTEMS OF EQUATIONS SOLVED IN kz SPACE: MATRIX COMPOSITION
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COMPUTATIONAL ADVANTAGES OF SOLVING IN kz SPACE
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• we solve NS = NxNy systems (NS ~104 samples on synthetic aperture)

• size of each system is small:

• typical execution times for all NS systems: ~1 s on laptop with Matlab

• solution is several orders of magnitude faster than solving in real space, where

T  (e.g. 60 5)zN N Nω × ×

3( )x y zO N N N→

3 3 3( )x y zO N N N→system matrix size is: 6 8
v T with 10  to 10D D x y zN N N N N N N Nω× = ∼

5 6
v 10  to 10x y zN N N N= ∼
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SUMMARY: QUANTITATIVE MICROWAVE HOLOGRAPHY (QMH)

sc scdata & PSFs on uniform grid: ( , , , ), ( , , , ;0,0, )S x y z H x y z zζ ζω ω ′

{ }sc sc
2D( , ) FT ( , , , )S S x y zζ ζω ω=κɶ
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2D( , ; ) FT ( , , , ; )H z H x y z zζ ζω ω′ ′=κɶ

{ }1 1
r r,sp sp v 2D( , , ) FT ( ; )x y z zρε ε − −′ ′ ′ ′∆ = ∆ Ω Ω κɶ

T T[ ] [ 1] [ 1]( ) ( ) ( )
z zij N N N ij N ij N Nω ω× × ×=H κ κ d κρ

input

output
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EXAMPLE: 2D IMAGING OF COMPRESSED BREAST PHANTOM – SFCW DATA

• compressed-breast phantom (18×19×5.5 cm3) with tumor simulants at 2 range positions
• mechanical scan, 20×20 cm2 (Δx,y =3 mm), 3 GHz - 8 GHz SFCW (Δf =100 MHz), S21

Layer 2

Layer 4

CT IMAGE SLICES

5 layers
[Tajik et al., IEEE Trans. MTT 2022]

55 mm

tumor 
simulants

tumor 
simulants

PHANTOM AVERAGED DIELECTRIC PROPERTIES (3 GHZ TO 8 GHZ) 

rε ′′rε ′

2D projection QMH quantitative images
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EXAMPLE: 3D mm-WAVE IMAGING WITH SFCW DATA

• four Styrofoam sheets (30×30×5.1 cm3) with various objects at 4 range positions
• mechanical scan, 20×20 cm2 (Δx,y =2 mm), 26-40 GHz SFCW (Δf =100 MHz), S11

50 cm

30 cm

WR-28 horn

[Tajik et al., IEEE Trans. MTT 2022]
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EXAMPLE: 3D mm-WAVE IMAGING WITH SFCW (VNA) DATA, cont.

[Tajik et al., IEEE Trans. MTT 2022]

rε ′

rε ′′

z = 4.5 mm z = 16.0 mm z = 32.0 mm z = 42.6 mm

z = 42.6 mm

rε ′



23

Image Reconstruction with

Scattered Power Mapping (SPM)

(projection-based image reconstruction followed by image deconvolution)
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SPM MATHEMATICAL BASIS
[Tu et al., Inv. Problems 2015] [Shumakov et al., IEEE Trans. MTT 2018][Nikolova, Introduction to Microwave Imaging, 2017]

SPM Stage 1 (projection-based image reconstruction)
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SPM IMAGE RECONSTRUCTION STAGE 1 (real space)

• mathematical insight: scattered-power map M(rꞌ) is the projection of data          onto the 
PSF           functional space (inner product in the data space (r,ω,ζ) )

 thus, M(rꞌ) plots the aggregate complex-valued similarity at rꞌ between the OUT 
responses and the respective PSF responses due to a point scatterer at rꞌ
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• SPM works with time-domain signals as well
[R. Kazemivala et al., IEEE Trans. MTT, 2024]

assuming infinite bandwidth

SPM Stage 1 image formation:

[0, )ω ∈ ∞

imaged position imaged positionmeasurement position

sc( )Sζ
sc( )Hζ
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IMPLEMENTATION OF SPM STAGE 1 (real space)

T S sc sc
v1 1 1

( , ) ( ; ) ,( ) 1, ,
N N N

p kkq qp kp
S HM q Nω

ζ ζζ
ω ω

∗

= = =
 = ′ ′− =  r rr r …Stage 1 image:

• replace integrals with sums

• reconstruction involves only products and sums – no systems of equations solved!

• ill-posedness is not a concern: systems of equations are not solved

• reconstruction can be carried out with ANY set of measurement points rp, p = 1, …, NS , 
(uniform grid on aperture, random sampling in 2D or 3D)

• scattered power map            , q = 1, …, Nv , is on uniform grid (2D or 3D)

• image is only qualitative, usually normalized,

• data abundance (large NS, Nω, NT) is critical: (i) reduces image artifacts due to 
measurement noise and clutter, and (ii) improves image spatial resolution

( )qM ′r

( )M ′r

measurement position imaged position

max
( ) / ( )M M′ ′r r
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SPM STAGE 1 IMAGE RECONSTRUCTION (Fourier space)

( )
a

T
s s

1 1
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• take 2D FT of both sides → OUT power map in 2D Fourier space (kz-space)
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PSF shifts to the right when probe 

shifts to the right, xꞌ > 0

sc ( )H x sc ( )H x x′−

x′ x

• with sampling on uniform grid, SPM Stage 1 is accelerated with 2D FFT
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REAL vs. FOURIER SPACE IMPLEMENTATIONS OF SPM STAGE 1
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1 1
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real space:

kz space:

SPM Stage 1 in Fourier (kz) space

• faster
FLOPs 

• needs uniform sampling on 
canonical aperture (planar, 
cylindrical) to employ 2D FFT

• needs measurement to be completed 
before starting reconstruction
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SPM Stage 1 in real space

• slower
FLOPs

• BUT can run in parallel with measurements
• can process randomly sampled data in 3D 

space (image still on uniform grid)
• suited for imaging with random sampling

v S T T
2
vNN N N N N Nω ω≈∼ S T TvzN N N N N NNω ω≈∼
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SIMULATION EXAMPLE: SPM STAGE 1 IMAGE OF F-SHAPE

simulation of data acquisitionsimulation of PSF acquisition

sample PSF: S11 at 4 GHz MAG/PHASE

r,b 1.0ε =

r,sp 1.1ε =
r,b 1.0ε =
r,OUT 1.2ε =

sample PSF: S11 at 4 GHz MAG/PHASE
Altair FEKO

• aperture span 20×20 cm2, d = 5 cm

• Δx,y= 1 cm (λmin /2 = 9.4 mm)

• frequency span 3-16 GHz

• Δf = 1 GHz
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SIMULATION EXAMPLE: SPM STAGE 1 IMAGE OF F-SHAPE, cont.

• blurring typical for cross-correlation 
methods due to

 limited sampling

 limited viewing angle (aperture size)

We can do better with SPM Stage 2 with 
the same data!

max
( ) / ( )M M′ ′r r
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SPM STAGE 2: QUANTITATIVE IMAGING AND IMPROVED RESOLUTION

• SPM Stage 2 processes the OUT power map to improve image spatial resolution and to 
reveal the quantitative contrast information embedded in the OUT power map M(rꞌ)

• solves

[Tu et al., Inverse Problems 2015] ][Nikolova, Introduction to Microwave Imaging, 2017]

 SP power maps obtained just like OUT power map

ss
sp

sp
r

p
@

r,

(
1

( () )) H

V
M M d

ε
ε ′′′′ ′′=

∆
∆′ ′

Ω  r rrr r

SP scattered power map
�����

( ) ( )
T

a

sc sc

1
sp@ ,( ) ,

N

S

HM H H d dζ ζω
ζ

ω ω ω′′

∗

=

′′ ′ = − − ′  r r r rr r r

SP data
�������

PSF
�������

• power maps (OUT and SP) are on uniform grid → kz-space inversion for the permittivity 
contrast provides the best computational speed
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SPM STAGE 2: SCATTERING-PROBE (SP) POWER MAPS

• in addition to the OUT power map M(rꞌ), Stage 2 needs SP power maps                   for a 
SP at each voxel position:             

• BUT with uniform background, SP power maps are translationally invariant in the lateral 
directions, e.g., in planar scanning

sp@ ( )HM ′′ ′
r r

sV′′∀ ∈r

sp@( , , ) sp@(0,0, )( , , ) ( , , )H H
x y z zM x y z M x x y y z′′ ′′ ′′ ′′′ ′ ′ ′ ′′ ′ ′′ ′= − −

SP at center of image slice at z′′

)
r,

0
s

@
p

sp ,
s

0r ,
p

(

1
( , , ( , , ))) ( , ,

z y x

H
zM x y z dx dy dzxx y M x y y zzε

ε
′

′′ ′′ ′′

′′ ′ ′ ′ ′′ ′′ ′′=
∆ Ω

′′ ′ ′ ′′ ′ ′ ′′ ′−′∆ −  

• we need only the power maps for SP in the center of each imaged slice at zꞌꞌ (Nz 3D maps)

sp@ , , , 1,, ,( )
q z

H
z x y pM k k pz q N′′ =′ …ɶ

2D convolution
�����������������������

r,sp sp
p@r s( , ,( , , ) ( , , )) H

xxx y yz

z

y

x y
M k k z dzk kk z M zkε

ε
′

′′

′

′
∆

′ ′∆ ∆
′ ′′′

Ω
′= ∆ɶ ɶ ɶStage 2 in kz space:
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SP power maps in                space:( , , )x y z′ ′ ′

SPM STAGE 2: SCATTERING-PROBE (SP) POWER MAPS

( ) ( )T

a

c
sp

c
@(0

s
,0, )

s
1

, , , ; , , , ;( , , )H
z

N

S
M H x y z z H x x y y z z dxdx y y dz ζ ζζ ω

ω ω ω
∗

′′ =
′ ′ ′ ′′ ′ ′ ′ = − −   

SP power maps in                  space:( , , )x yk k z′

T

1sp@ 1
( , , ,) ( , , ; ) ( , , , ; )

N N

x y k x y k
H

x yz k
M k k zH k k z H k kz z zω

ζ ζζ
ω ω
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=′ =′    ′′ ′=  ′    ɶ ɶɶ

2D convolution
�����������������������

• SP power maps are computed just like the OUT power map, only with the data from the 
SP measurement



34

SPM STAGE 2 IMPLEMENTATION 

Stage 2: image deconvolution and quantitative reconstruction

[R. Kazemivala et al., IEEE Trans. MTT, 2022]
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( ( )( )) iij ijj =M κ m κρ κɶ

 Nz × Nz system of equations solved at each point in Fourier space, ( , )ij x yi k j k= ∆ ∆κ

scatterer range position

discretize integral
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SPM STAGE 2 IMPLEMENTATION, cont. 

Stage 2 systems of equations in kz space

( ( )( )) iij ijj =M κ m κρ κɶ

s
r 1

v
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zij i
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• final step: back to (x,y) space

{ }r,sp sp 1
r 2D

v

( , , ) FT ( ; ) , 1, ,p p zx y z z p N
ε

ε ρ−∆ Ω
′ ′ ′ ′∆ = =

Ω
κɶ …

OUT Stage 1 power map

SP@z1 Stage 1 power map



r,b 1.0ε =

r,F 1.2 i0.0ε = +
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SIMULATION EXAMPLE: SPM STAGE 1 AND STAGE 2 IMAGES OF F-SHAPE

Stage 2 quantitative image

rReε
rImε

Stage 1 qualitative image
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SUMMARY: SCATTERED-POWER MAPPING

scdata: ( , )Sζ ωr sc& PSFs with uniform sampling: ( , , , ;0,0, )H x y z zζ ω ′

uniformly 
sampled data

yes no
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Stage 1 (Fourier space) Stage 1 (real space)

Stage 2 Stage 2
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• mechanical scan, 18×18 cm2 (Δ x,y = 3 mm), 3 GHz - 8 GHz SFCW (Δf =100 MHz), S21

middle layer
141.4 mm

151.8 mm

projection images of complex permittivity
[image credits: Romina Kazemivala]

[R. Kazemivala et al., Sensors, 2024]

rε ′

rε ′′

skin

BI-RADS Type B

tumor simulants

EXAMPLE: SPM IMAGING OF COMPRESSED-BREAST PHANTOM (35 MM)

[N. Shahmirzadi et al., IEEE Trans. AP, 2023]



[photo/image credits: Romina Kazemivala, Daniel Tajik]

Teddy bear with hidden object
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• quantitative images of penetrable objects with spatial resolution ~3 mm (~λc/3)  

• mechanical scan, 20×20 cm2 (Δx,y = 2 mm)

• 26 GHz - 40 GHz (Δf = 200 MHz)

• WR28 horn antennas

• S21 data

[R. Kazemivala et al., IEEE Trans. MTT, 2022]

EXAMPLE: SPM mm-WAVE IMAGING WITH SFCW (VNA) DATA 
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[Kazemivala et al., IEEE Trans. MTT, 2024]

chamber with scanner

TI mm-Wave Sensor IWR1443
LFM MIMO Radar 79 GHz to 83 GHz

c 3.8 mmλ ≈

• SPM works with chirp (LFM) radar signals as well 

EXAMPLES: SPM IMAGING WITH MIMO LFM RADAR



41[Kazemivala et al., IEEE Trans. MTT, 2024]

SPM reflectivity 2D images (qualitative)

3D imaging (qualitative)

z = 0.0 cm

z = −12.0 cm

225 mmz =

inside bag no bag

paper sheet

EXAMPLES: SPM IMAGING WITH MIMO LFM RADAR, cont.
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FILTERING IN FOURIER SPACE IMAGE RECONSTRUCTION 

• there are two main filtering strategies often needed in Fourier-space imaging 

BEFORE Inverse FFTBEFORE FFT

Low-pass Filter 
 operates on computed contrast in Fourier 

space, e.g., (kx, ky)
 suppresses high-k components

Apodization Filter 
 operates on data sets, PSFs, SPM Stage 1 

power maps in real space, e.g., (x,y)
 acts as “window” to suppress edge values 

• at high wavenumbers, signal is mostly 
due to measurement noise (very rapid 
change in real space) → erroneous 
contrast values

• 2D LPF suppresses likely erroneous 
contrast outside the region

• circular DFT (FFT) wraps around the left 
edge of the 2D data set to its right edge 
and the top edge to the bottom edge

• this edge-to-edge transition must be 
smooth (data edge continuity)

• without data edge continuity, Gibb’s 
effect leads to ringing artifacts corrupting 
computations in k-space 

max
min

4
sin , ,x yξ ξ

π
κ κ α ξ

λ
≥ = =

[Tajik et al., Progress In Electromagn. Res. B, 2017]

( ; )qzρ ′κɶ
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C-SHAPE & CUBICLES EXAMPLE: APODIZATION FILTERING 

[Tajik et al., Progress In Electromagn. Res. B, 2017]

• simulated data (Altair FEKO), 3 GHz to 8 GHz with Δf = 1 GHz 

• Δx = Δy = 1 cm ≈ λmin/3 example of scan data (at 8 GHz) 
with acceptable edge continuity

QMH image (no need for 
data apodization)

rε ′
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C-SHAPE & CUBICLES EXAMPLE: APODIZATION FILTERING, cont. 

[Tajik et al., Progress In Electromagn. Res. B, 2017]

example of intentionally corrupted 
scan data (at 8 GHz)

QMH image with data 
apodization

×

apodization filter

QMH image without data 
apodization

rε ′

rε ′
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C-SHAPE & CUBICLES EXAMPLE: LOW-PASS FILTERING

[Tajik et al., Progress In Electromagn. Res. B, 2017]

QMH image from over-
sampled data (no LPF)

• intentional over-sampling of Δx = Δy = 0.5 cm ≈ λmin/8 

• original spatial sampling of Δx = Δy = 1 cm ≈ λmin/3

max
min

4
sin for , ,x yξ ξ ξ

π
κ κ α κ ξ

λ
 < = ∀ =

maxsup | | , ,x yξ ξκ κ ξ > =

QMH quantitative image 
(no need for LPF)

rε ′

rε ′

QMH image from over-
sampled data (with LPF)

rε ′
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SUMMARY OF PART 3

• the data PSFs give the kernels of the data equations (for all response types and 
frequencies) and are thus at the core of all direct (linear) image-reconstruction methods

• measured PSFs with scattering probes of known permittivity and volume enables 
quantitative imaging with fast direct image reconstruction

• QMH solves directly the linearized data equation in kz space

• SPM Stage 1 forms the object’s projection image (OUT power map) and then Stage 2 
deconvolves (in kz space) this image with the images of point scatterers (SP power 
maps) at each imaged range slice

• the computational speeds of QMH and SPM are comparable when SPM Stage 1 is 
performed in Fourier (kz) space

• kz-space image reconstruction with QMH and SPM Stage 1 requires uniform spatial 
sampling to take advantage of fast Fourier transform (forward and inverse)

• real-space image reconstruction with SPM Stage 1 is slower but it can process randomly 
sampled data on the run → suitable for vehicle-borne radars
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SUMMARY OF PART 3, cont.

• filtering is often required with measured data

• apodization ensures edge continuity across an aperture

• low-pass filtering helps suppress erroneously reconstructed contrast at high spatial 
frequencies 

QUESTIONS?



CONCLUDING REMARKS: OUTLOOK TO THE FUTURE

• MMW imaging and sensing – the new frontier of wireless technology

• main hardware challenge: accelerating measurements with electronically switched 
antenna arrays and Tx/Rx electronics
 the first real-time MMW whole-body scanners have recently become available for 

security inspection of walking people and industrial inspection of goods
 progress is slower in biomedical imagers 

• new and improved image reconstruction algorithms
 sparse and random 3D sampling for handheld and mobile/UAV platforms

• new technologies: sub-THz imaging (300 GHz to 1 THz)
 imaging with incoherent (magnitude only) data
 spectroscopic imaging – quantitative images as a function of frequency?

quantita cqualitativ  spe ctv roti ce  s ie op→ →
reflectivity 0 1ρ≤ ≤ ( , )ε ε′ ′′ ( ), ( )ε ω ε ω′ ′′

48

THANK YOU!
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EXAMPLE: SPM IMAGING OF MULTILAYER SAMPLE FOR NDT

2nd layer

4th layer

CO: sheet with 
scattering probe

r,b 10 i5ε ≈ −

[Shumakov et al., IEEE Trans. MTT, 2018]

• 5 cm thick carbon-rubber sample

• frequency: from 3 GHz to 9 GHz (61 
samples)

• scattering probe

• all embedded objects are 1 cm thick 

• reflection and transmission coefficients on 
two TEM horn antennas aligned along 
boresight

• imaged area 13 cm by 13 cm (2 mm sampling 
step)

r,sp 15 i0.003ε ≈ −
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rReε

rImε

rReε

rImε

Born 
approximation

Rytov
approximation

EXAMPLE: SPM IMAGING OF MULTILAYER SAMPLE FOR NDT, cont.

[Shumakov et al., IEEE Trans. MTT, 2018]


